This study focuses on the investigation of various Godunov-type treatments of the convective fluxes of Navier-Stokes equations by employing a Fractional-Step, Artificial Compressibility and Pressure-Projection (FSAC-PP) formulation. The FSAC-PP approach unifies Chorin's fully-explicit Artificial Compressibility (AC) and semi-implicit Fractional-Step Pressure-Projection (FS-PP) methods for solving the incompressible flow problems. In this work, we study various Riemann solvers by using the FSAC-PP formulation with respect to convergence behaviour and numerical solution accuracies. Furthermore, two benchmark test problems have been investigated as laminar flows in a channel between two parallel flat plates and in a lid-driven cavity. Simulations have been performed at different moderate Reynolds numbers (Re = 100, Re = 400, and Re = 1000) in which cases reference data available in the literature. Numerical solutions have been considered for Rusanov, HLL and HLLC Riemann solvers compared to the case when the Riemann problem is excluded from the numerical procedure. The MUSCL scheme has been employed with a third-order spatial approximation, and fifth-and ninthorder WENO interpolation schemes have also been considered. The computational results have been shown to be very accurate compared to previous studies, and when any Riemann solver is excluded from the numerical procedure.
INTRODUCTION
Viscosity plays a dominant role for incompressible flows at low Mach numbers, and their steady-state solution can be described by an elliptic system of equations. Many researchers have proposed algorithms to circumvent the shortcomings of the boundary value problem described by flow geometries. The present study focuses on a recently developed Fractional-Step (FS), Artificial Compressibility (AC) and Pressure-Projection (FSAC-PP) method in conjunction with various Riemann solvers for incompressible flow problems. The FSAC-PP method proposed by Könözsy [3] unifies the advantageous features of Chorin's AC and FS-PP methods within the framework of characteristics-based (CB) Godunov-type schemes [4, 5] . The original unified FSAC-PP algorithm [3, 4, 5] Riemann problem can be done by other well-known e.g. Rusanov, HLL, and HLLC approximate Riemann solvers. At low Mach numbers (incompressible flows), the artificial speed of sound and the associated artificial density are used as variable substitutions in place of the neglected energy equation. This numerical treatment induces artificial pressure waves into the system of equations and serves to an iteratively converged solution by using an explicit time-stepping scheme. Drikakis and Rider [6] highlighted that Riemann solvers have historically been difficult to implement in incompressible Navier-Stokes solvers due to their tendencies to negatively affect solution accuracy despite any possible improvements in the convergence behaviour. The present study attempts to reduce non-characteristicsbased artificial wave speed dependencies on the AC convergence parameter β to preserve numerical accuracy. All investigations are performed by using the unified FSAC-PP method and compared against results obtained in past studies that employ a CB Godunov-type treatment of convective fluxes [5] . The objectives of this paper are to detail the effectiveness of non-CB Riemann solvers for the relatively new unified FSAC-PP method and to introduce the idea of "pressure bias" in the artificial wave speed formulations of Riemann solvers for incompressible flows.
COMPUTATIONAL METHOD AND RIEMANN SOLVERS
The FSAC-PP method [3, 4, 5] employs a modified set of governing equations relying on the unification of the AC and FS-PP methods of Chorin [1, 2] for solving the incompressible Navier-Stokes equations. The perturbed continuity equation with a pseudo-pressure derivative term can be written in a semi-discrete form as
where  is the AC parameter responsible for the numerical convergence, p represents the pressure field, and u is the velocity field. Eq. (1) is solved explicitly to estimate an initial pressure field in each pseudo-step of the AC method [1] . It is worth noting that this step transforms the system of Navier-Stokes equations for steady-state flows into a hyperbolic system that is easily advanced in pseudo-time. The Godunov procedure can be performed to compute a non-CB based convective flux terms as well. The fractional momentum equation (2) does not rely on the pressure field estimated in Step 1 and estimates an intermediate velocity field for the pressure-projection step. The primitive variables at the cell interfaces can be approximated by applying any appropriate interpolation scheme (e.g. third-or even higher-order accurate polynomial). The second step of the FSAC-PP formulation is consistent with the Helmholtz-Hodge decomposition based FS-PP method [2] , thus
where  u is an intermediate velocity field, which is estimated through Eq. (2) via pseudo-time splitting in conjunction with the Godunov-type scheme by dropping out the characteristic pressure gradient term from the Navier-Stokes equations. The tilde denotes the Godunov-type treatment of the convective flux term, which can be estimated by either a CB or a non-CB based scheme. The contribution of the viscous effect is treated numerically on the right-hand side (RHS) of the momentum equation (2), where  is the kinematic viscosity. The temporal accuracy of the pseudo-time marching process can be further improved by applying an explicit (e.g. from first-to fourth-order) Runge-Kutta integration scheme. The Helmholtz-Hodge decomposition requires the incompressibility (divergence-free) constraint to be satisfied at pseudo-time level (n+1), therefore, by taking the divergence of
and re-arranging this equation, one can obtain a pressure-Poisson equation, which can be solved implicitly to update the pressure field as
The initial values for the implicit solution of the pressure-Poisson equation are obtained in each pseudo-time step by the solution of the perturbed continuity equation (1) to provide the consistency of the numerical solution with the classical FS-PP method [2] . The pressure-Poisson equation can be e.g. solved by using a point Successive Over-Relaxation (S.O.R.) method with relaxation factor of  = 1.7
performing an approximate solution through a few sub-iterations. This step recovers real pressure field gradients, and the velocity field can be updated based on Eq. (3).
The numerical convergence to a steady-state solution in the pseudo-time stepping procedure is determined by a β factor dependent convergence criterion as
A distinguishing feature of the FSAC-PP method [3, 4, 5] is that the Godunov-type convective flux term can be derived from a hyperbolic system of governing equations consistently with the AC method [1] , and the PP step is compatible with the elliptical-type FS-PP [2] approach. In this study, we consider the Rusanov, HLL, and HLLC approximate Riemann solvers [6] which, respectively, for modelling wave propagation from some initial point. The artificial wave speed is of particular interest of this study, because the effect of the arbitrary β variable on solution behaviour is exaggerated due to the fractional-step process. Furthermore, the unified FSAC-PP method is the only method known to the authors that employs both an artificial compressibility (AC) parameter and a pressure-projection step.
In this work we demonstrate that the subsequent wave-speed formulations allow for study with respect to a pressure bias inherent to the affected (or star) region of the threewave description. Let us consider first the contact wave speed (
provided by Drikakis and Rider [6] as
which can be separated in terms of the deemed pressure bias and what we are calling the "resolution-order". Their resolution-order has a direct analogue to the formal definition of derivative orders, which require a minimum of two solutions for ) ( 
Note that the second-order resolution of the wave speed can be thought of as a single point independent of the AC parameter biased either left or right of the resolution and weighted by β. The subscript "3,P-dep" denotes that  S is derived from the three-wave description and is dependent on the pseudo-pressure. Similarly, we can cancel out the component biased by pressure values and define the threewave, pseudo-pressure independent wave speed formulation as
This study additionally recognises a second form of pressure bias in the derivation of the resolution component. Due to the number of variables present in the threewave description, the solution of 
and again with a pseudo-pressure independence, we can write that
These four formulations of  S and the study of how each is affected by the β parameter [1] allows for some insight as to how the decoupled pressure and velocity [2] influence convergence behaviours within the framework of the unified FSAC-PP method. Finally, the parameter β which is used for the unified FSAC-PP method is the inverse of that recommended for the AC method by McHugh and Ramshaw [7] . This is due to the fact that the FSAC-PP method includes an implicit projection step to update the pressure field, whereas the AC method does so explicitly.
BENCHMARK TEST PROBLEMS AND SIMULATION SETUP
Two benchmark test cases have been considered: 1) a laminar flow in a rectangular channel between two parallel flat plates and 2) a moderate Reynolds number flow in a lid-driven cavity. The geometry is shown in Figure 1 . Simulations for both well-known benchmark test cases were performed at Re = 100, Re = 400, and Re = 1000 by using no Riemann (NR) solver, and Rusanov, HLL and HLLC Riemann solvers [6] with Godunov-type convective flux terms. The MUSCL scheme has been employed with a third-order spatial interpolation scheme at the cell interfaces as well as fifth-and ninth-order WENO schemes. The computational results obtained with the FSAC-PP approach for both benchmark test cases have been compared to previous studies in [3, 4] , and the aforementioned NR solution has also been considered as a benchmark problem. Altogether, total simulations of 59 and 28 have been performed for Case 1 and Case 2, respectively.
RESULTS AND DISCUSSION
For simplicity, we focus on the numerical analysis of Case 1 in this section. The inconsistency of the Riemann solver solutions has been shown in Figure 2 . In Figure 2a , only the HLL and 2,P-ind HLLC flux treatments show strong agreement with the non-Riemann (NR) flux and AC benchmark solutions. In this test case, the Rusanov and HLLC Riemann solvers decrease the accuracy of the solution with the fully pressure biased  S formulation which is relying on Eq. (7). In Figure 2b , the Rusanov and HLL fluxes produce poor results while the 3,P-dep HLLC flux exhibits non-physical behaviour. However, all three HLLC fluxes described by Eqs. (8), (9) and (10) show good agreement with the NR solution.
Additionally, there appears to be no real improvement in terms of convergence rates by using the Riemann solvers. Of the Riemann solvers, only the proposed HLLC flux with pressure-independent  S formulation Eq. (10) shows full agreement with the NR solution for every flow regime and even then, it does not improve the solution accuracy or total number of iterations needed to achieve convergence. Alternatively, we consider the convergence histories shown in Figures 3a and 3b . The Rusanov and 3,P-ind HLLC fluxes converge at nearly identical rates and with very similar residuals through the iterative process. Similarly, the NR, HLL, and 2/3,P-ind HLLC fluxes follow a similar trend. The 3,P-dep HLLC flux required an amended CFL number to converge, but these trends are clearly observed for the Re = 100 flow under otherwise similar conditions (Figure 3b ). This convergence behaviour is especially noteworthy since the β parameter used in simulations with the pressure-dependent  S formulations is the inverse of those used in all others (e.g. they coordinate with those used in the AC method but not those used in the unified FSAC-PP method). By using β AC instead of β FSAC-PP , where β AC = 1/β FSAC-PP , could be disadvantageous for the convergence properties of the FSAC-PP method. This separates all flux treatments considered into terms of conformity with the FSAC-PP method and the HLLC Riemann solvers using the pressure-dependent  S formulations requiring a modified set of simulation parameters. All other convective fluxes considered may easily replace another without any similar considerations for the β parameter. To this end, the often cited Eq. (6) could lead to non-physical solution with the FSAC-PP method according to current implementation.
Investigations of convergence behaviour were extended to the spectral domain by using Fast Fourier Transformations. By identifying a somewhat arbitrary power function, amplitudes at various wave numbers then described convergence behaviour in terms of short-and long-term tendencies -similar to the heuristic studies performed by McHugh and Ramshaw [7] . Given that the setup is unchanged from simulation to simulation, then changes in these spectral power levels may be attributed specifically to each Godunov-type flux used. While not all simulations showed agreement, the majority trend showed that the fully pressure unbiased * S formulation for the HLLC flux appeared to be the only of the Riemann solvers to reduce the information found in short-term behaviour (higher frequencies). This in turn indicates improved potential for solution stability since such residual trends are more resilient to short-term oscillatory behaviour. Indeed the HLLC flux by using the pressure unbiased Eq. (10) was the only to produce a solution in cases that the NR flux failed. It also was the only of the Riemann solvers that had a wider range of acceptable β parameters than the NR flux. While more study on this behaviour is still needed, the 2,P-ind HLLC flux is the only candidate of the study that appears to improve on the NR flux at least in terms of solution stability.
CONCLUSIONS
The present study performs an investigation of various Godunov-type treatments of the convective fluxes within the unified FSAC-PP Navier-Stokes solver for constant-density, incompressible flows. One benchmark test case for a laminar flow in a rectangular channel between two parallel flat plates has been analysed in detail. The ideas of pressure bias and resolution orders were introduced to overcome the immediate issues attributed to the fractional-step within an artificial compressibility method. This was due primarily to the minimal existing data for this method and an associated (previously unaddressed) β FSAC-PP parameter which is different from the universally used β AC . Riemann solvers have been investigated, and a novel treatment has been proposed for computing the wave speed. Of these Riemann solvers, none of them improved the solution accuracy within the framework of the FSAC-PP method and only the pressure unbiased variant of the HLLC solvers appeared to improve on convergence tendencies of the numerical solution.
The 2,P-ind HLLC flux defined by the contact wave speed in Eq. (10) shows a lot of promise as a potential improvement on the non-Riemann flux within the unified FSAC-PP method. It is unknown if similar optimism may be extended to wave speed derivations within the AC method, which can be a subject of a future work.
